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Spontaneous curvatureMany cellular and intracellular processes critically depend on membrane shape, but the shape generating
mechanisms are still to be fully understood. In this study we evaluate how electrostatic/electrokinetic forces
contribute to membrane curvature. Membrane bilayer had ﬁnite thickness and was either elastically aniso-
tropic or anisotropic overall, but isotropic per sections (heads and tails). The physics of the situation was
evaluated using a coupled system of elastic and electrostatic/electrokinetic (Poisson–Nernst–Planck) equa-
tions. The ﬁxed charges present only on the upper membrane surface lead to the accumulation of counter-
ions and depletion of co-ions that decay spatially very rapidly (Debye lengthb1 nm), as does the potential
and electric ﬁeld. Spatially uneven electric ﬁeld and the permittivity mismatch also induce charges at the
membrane–solution interface, which are not ﬁxed but inﬂuence the electrostatics nevertheless. Membrane
bends due to — Coulomb force (caused by ﬁxed membrane charges in the electric ﬁeld) and the dielectric
force (due to the non-uniform electric ﬁeld and the permittivity mismatch between the membrane and the
solution). Both act as membrane surface forces, and both depend supra-linearly on the ﬁxed charge density.
Regardless of sign of the ﬁxed charges, the membrane bends toward the charged (upper) surface owing to
the action of the Coulomb force, but this is opposed by the smaller dielectric force. The spontaneous mem-
brane curvature becomes very pronounced at high ﬁxed charge densities, leading to very small spontaneous
radii (b50 nm). In conclusion the electrostatic/electrokinetic forces contribute signiﬁcantly to the membrane
curvature.
© 2011 Elsevier B.V. All rights reserved.1. Introduction
Membranes are one of the most basic components of living cells
and play a variety of roles. They separate cells and intracellular organ-
elles from their surroundings, partition the space and delimit meta-
bolic pathways thus providing the complex hierarchy of
intracellular biochemical compartments. Membranes also control
the transport mechanisms between various compartments. Finally,
cellular membranes have areas of high curvature (this is often even
more pronounced for the membranes of sub-cellular organelles), al-
though the membranes resist bending, because bending typically
(but not always) requires energy [1–3]. Bending may be energy
cost-free, given the proper distribution of the lipids and/or proteins
within the membrane. It is thus of considerable interest to under-
stand what the shape-generating mechanisms are.
In a variety of biophysical and biochemical processes the shape of
the membrane plays a variety of other, but critical roles [4]. It may
promote a redistribution of proteins anchored in membranes through
an action of hydrophobic moieties by introducing packing defectsy, McGill University, 3655 Sir
1Y6. Tel.: +1 514 398 6002;
lavinović).
rights reserved.(greater free space) that become adsorption sites for amphiphilic
molecules [5]. In some cases, such as exocytosis, endocytosis and ve-
siculation, the mechanical membrane properties are very directly
linked to biological functions, and these processes are associated
with pronounced membrane deformation [6–8]. The membrane cur-
vature and its mechanical properties may also inﬂuence the action
of a variety of membrane proteins and lipids [9–13,5].
Membrane shape can be regulated dynamically, and this occurs
during a variety of cellular processes such as exocytosis and endocy-
tosis [7,14,15], mitosis [16] or during protein transport from the en-
doplasmic reticulum to the Golgi body during secretion [17,18] and
various physical mechanisms appear to be involved [19,7,20,4,8,21],
but their relative importance and interplay are still to be worked out.
Considerable attention has been given to determining the mecha-
nisms by which proteins generate mechanical forces to bend the mem-
brane and establish the areas of highmembrane curvature [22,23,7,24].
Although it has been suggested long ago that the Coulomb forces caused
by the asymmetry of ﬁxed charges on the membrane, or by the asym-
metry of screening charges could also alter themembrane shape and in-
duce membrane curvature [25–29], this mechanism received less
attention. This is somewhat surprising since a variety of processes
may lead to charge asymmetry. They include changes of pH or ionic
strength in the solution, phosphorylation of inositol lipids [30], or cleav-
age of the acyl chains by phospholipases. Since changes of pH and ionic
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Fig. 1. Schematic representation of the lipid bilayer in the x-z plane. The membrane
height h is divided into the hydrophilic heads (closed circles) with the height hh and
thehydrophobic tails (ht) sections. L is themembrane length, and hu and hl are theheights
of the upper and lower compartmentswith the electrolyte solution. Themembrane plane
is centered at the origin, and its thickness tm is 100 nm. L is 20 nm, h is 2 nm, hh is 0.7 nm,
hu=8 nm, and hl=4 nm. Si (i=1–6) and Bj (j=1–19) stand for the subdomains and
boundaries of the lipid bilayer, respectively, and are deﬁned in Table 1.
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by phospholipases not only affect the charge density at the membrane
surface, but also have other effects, it is not possible to separate them.
The simulations are thus needed to evaluate the membrane bending
due to electrostatic/electrokinetic forces.
The membrane may bend even if the membrane is not charged, but
is present in a non-uniform electric ﬁeld, given a permittivity mismatch
between the membrane and the solutions that surround it (intra-cellu-
lar and extracellular), which is very pronounced. This force (‘dielectric’
force), which was ﬁrst deﬁned by Pohl [31] induces an asymmetric dis-
tribution of the electrical stress, that however can be determined from
theMaxwell stress tensor [32–34]. Its contribution tomembrane bend-
ing has been ignored hitherto.We determined the electrostatic/electro-
kinetic forces and the membrane deformation by evaluating a coupled
system of linear elastic equations and electro-static–electro-kinetic
(Poisson–Nernst–Planck) equations. The ionic concentrations and
composition were as observed physiologically, and the density of
ﬁxed charges ranged from 0 mC/m2 to 128 mC/m2. Note that if the
mean area of a lipid molecule is assumed to be 0.5 nm2, 40% of lipid
molecules would have to have 1 electron charge at the highest density
of ﬁxed charges (i.e. 128 mC/m2). The ‘membrane potential’ (i.e. the
potential difference between the intra-cellular and extra-cellular com-
partments) was either 0 or −80 mV. The simulations demonstrateTable 1
Boundary conditions.
Boundary Plane stress
B1, B7, B10, B11 NA
B2 NA
B3, B5, B12, B13, B14, B15,
B18, B19
x-y symmetry plane
B4, B6, B16 Continuity
B8 Prescribed displacement: u and w in x and z directions, resp
stress tensor and charged surface (Fe8)
B9 NA
B17 Prescribed displacement: u and w in x and z directions, resp
tensor (Fe17)that the Coulomb force can signiﬁcantly contribute to the spontaneous
curvature, and that the largely ignored dielectric force curtails its action,
but only to a limited extent.
2. Methods
2.1. Geometry
We evaluate the deformation of a segment of membrane lipid bi-
layer caused by the electrostatic forces generated by the presence of
ﬁxed charges on the internal side of the bilayer, or by the potential
difference between two compartments bathing the bilayer. The intra-
cellular (i.e. upper) compartment contained an electrolyte solution
made of K+ and Cl−, whereas the extracellular (or lower) compart-
ment contained Na+ and Cl−. The ﬂat lipid membrane is considered
as a two-dimensional (2D) sheet in the x-y plane of the Cartesian co-
ordinate system (x, y, z) with the center of the lipid bilayer in the or-
igin. Fig. 1 depicts the schematic representation of the lipid bilayer. To
account for the amphiphilic nature of each lipid monolayer, we divide
it into two regions — one with hydrophilic heads and another with
hydrophobic tails. The height of the lipid monolayer h is 2 nm, its
head section hh is 0.7 nm, whereas the tail section ht is 1.3 nm. The
length of the membrane L=20 nm and its thickness tm is 100 nm,
hu (= 8 nm) and hl (= 4 nm) denote the heights of the upper and
lower compartment respectively. The subdomains and boundaries of
the lipid bilayer are Si and Bj respectively, where i=1–6 and j=1–19.
To analyze the structural deformation of the lipid membrane we
consider the plane-stress model in the associated subdomains (i.e.,
2, 3, 5, and 6). Furthermore, the Poisson equation describing the elec-
trostatics is deﬁned in all the subdomains. The Nernst–Planck equa-
tion describes the electrokinetic ﬂow and accounts for the
movement (i.e., diffusion and migration) of ions in the electrolyte
media and is active in subdomains 1 and 4. The membrane is assumed
to be impermeable to movement of ions. Table 1 gives all boundary
conditions and Table 2 details all parameters and constants.
2.2. Calculating the Coulomb and dielectric forces — Maxwell stress tensor
In a given subdomain, the Maxwell stress tensor (S) is expressed
as follows:
S ¼ ere0 EE−
1
2
E:Eð ÞI
 
ð1Þ
where er is the relative permittivity in the subdomain and e0 is the
permittivity of vacuum, E is the electric ﬁled vector (Ex, Ez)T, and I is
the identity tensor [33,35]. We compute the Maxwell stresses in the
membrane and in two compartments containing the liquid electro-
lyte. The contribution of the dielectric force due to the Maxwell stressElectrostatics Electro-
kinetics
Zero charge
symmetry
Insulation
symmetry
Electric potential
Vd
Concentration
Ci0d
Zero charge
symmetry
NA
Continuity NA
ectively; Applied total force due to Maxwell Surface charge
density σe8
Insulation
symmetry
Electric potential
Vu
Concentration
Ci0u
ectively; Applied force due to Maxwell stress Surface charge
density σe17
Insulation
symmetry
Table 2
Model parameters and constants.
Params Value Description Unit Refs
C10u 150.0 K+ concentration
(upper compartment)
mol/m3 or
mM
C20u 150.0 Cl− concentration
(upper compartment)
mol/m3 or
mM
C30u 0 Na+ concentration
(upper compartment)
mol/m3 or
mM
C10d 0 K+ concentration
(lower compartment)
mol/m3 or
mM
C20d 150.0 Cl− concentration
(lower compartment)
mol/m3 or
mM
C30d 150.0 Na+ concentration
(lower compartment)
mol/m3 or
mM
D1 1.960×10−9 Diffusion coefﬁcient
of K+ ions
m2/s [8,37]
D2 2.030×10−9 Diffusion coefﬁcient
of Cl− ions
m2/s [8,37]
D3 1.330×10−9 Diffusion coefﬁcient
of Na+ ions
m2/s [8,37]
e 1.602×10−19 Elementary charge C
R 8.314 Universal gas constant J/(mol.K)
T 300.0 Temperature K
Vu −8.000×10−2 Electric potential
(controlling edge of the
upper compartment)
V
Vd 0 Electric potential
(controlling edge of the
lower compartment)
V
e0 8.854×10−12 Permittivity of vacuum F/m
erw 80.0 Relative permittivity of
the electrolyte media
Dimensionless [33,42]
erm 2.0 (or 8.0) Relative permittivity
of the membrane
Dimensionless [8]
ρm 785.0 Membrane density kg/m3 [8]
σe8 −8.000×10−3
or as speciﬁed
Surface charge density of
the upper boundary of the
membrane bilayer (B8)
C/m2 [36,37]
σe17 0 Surface charge density of
the lower boundary of the
membrane bilayer (B17)
C/m2
ν 0.330 Poisson's ratio Dimensionless
λmhxxxx 4.000×109 Young's modulus of volume
stretching-compression in
lateral direction (heads)
Pa [4]
λmhxxzz 3.930×109 Young's modulus of coupling
between lateral and normal
deformation (heads)
Pa [4]
λmhzzzz 4.000×109 Young's modulus of volume
stretching-compression in
normal direction (heads)
Pa [4]
λmtxxxx 1.000×109 Young's modulus of volume
stretching-compression in
lateral direction (tails)
Pa [4]
λmtxxzz 0.980×109 Young's modulus of coupling
between lateral and normal
deformation (tails)
Pa [4]
λmtzzzz 1.000×109 Young's modulus of volume
stretching-compression in
normal direction (tails)
Pa [4]
413M. Tajparast, M.I. Glavinović / Biochimica et Biophysica Acta 1818 (2012) 411–424tensor FM=(FMx, FMz)T to the total force acting on the boundaries B8
and B17 is thus:
FM ¼ ∫Ωn:SdA ¼ tm∫∂Ωn:Sdl ð2Þ
where Ω represents one of the horizontal surfaces of the membrane
with the B8 or B17 edges, and which extend in the y-axis direction
with the thickness tm. n is the outward unit vector normal to each
surface, and dA is the differential surface area element. ∂Ω is the
membrane boundary (i.e., B8 or B17); dl is the differential boundary
element.
In addition to the forces due to the Maxwell stresses from the lipid
membrane and from the electrolyte media, there is a Coulomb force,or force due to the charges on the membrane surface in the electric
ﬁeld, which is:
Fσ ¼ tmσeE ð3Þ
where σe is the surface charge density at the boundaries B8 or B17. σe
ranges from 4mC/m2 to 128 mC/m2. These values are comparable or
below values estimated for the cell membrane (one elementary negative
ﬁxed charge per 1–4 nm2, which corresponds to a charge density of
40–160 mC/m2; [36,37]. Finally, σe17 is zero. The total force Fe that drives
the membrane deformation is the sum of the FM and Fσ forces acting on
the boundaries B8 or B17; that is, Fe8 or Fe17, respectively.
The system of coupled equations given by the Poisson–Nernst–
Planck and elastic equations (see Appendix A) was solved by ﬁnite el-
ement method using a commercial software package program Comsol
3.5 (Comsol, Burlington, MA, USA), whereas the postprocessing was
performed using a software package for scientiﬁc and engineering
computation Matlab (MathWorks, Natick, MA, USA).
3. Results
3.1. Spatial distribution of ions, potential and electric ﬁeld
Fig. 2A–B depicts the spatial distribution of ions (K+ and Cl− in
the upper (intracellular) compartment, and Na+ and Cl− in the
lower (extracellular) compartment, in the absence (A) and in the
presence (B) of the ‘resting potential’ (i.e. potential difference be-
tween two compartments). Fig. 2C–D shows the spatial distribution
of potential in the absence (C) and in the presence (D) of the ‘resting
potential’. Finally, Fig. 2E–F shows the spatial distribution of electric
ﬁeld in the absence (E) and in the presence (F) of the ‘resting poten-
tial’. Note that the ‘resting potential’ is determined at two controlling
edges at the top and the bottom of the simulation space (see Methods
section). In the presence of ﬁxed charges the charge accumulations
are quite large, and as a result the potential proﬁles and electric
ﬁeld proﬁles (z-component) within the membrane and in the solu-
tion are affected signiﬁcantly. Very rapid spatial decay of charges in
the solution is also associated with similarly rapid decay of the poten-
tial and the electric ﬁeld in the solution above the membrane surface
with the ﬁxed charges. Finally, the potential and the electrical ﬁeld
proﬁles in the membrane (though much less so in the solution) are
also affected by the ‘resting potential’.
3.2. Dependence of the surface potential and the electric ﬁeld on ﬁxed
charge density and ‘resting potential’
Both the Coulomb force and the dielectric force acting on the
membrane can be calculated if the permittivity of the membrane
and of the solution, the electric ﬁeld on the membrane surface and
the ﬁxed charge density are known. It is not necessary to know
what the values of the electric ﬁeld are either within the membrane
or in the solution (see Methods section). Since the electric ﬁeld and
the potential are spatially highly not uniform near the membrane sur-
face owing to the presence of ﬁxed charges, we show in a separate
ﬁgure how both the electric ﬁeld and the potential depend on the
density of the ﬁxed charges at the upper membrane surface, and
how they are modulated by the ‘resting potential’.
The potential at the upper surface of the membrane depends ap-
proximately linearly on both the density of the ﬁxed charges at the
upper membrane surface (regardless of the sign of ﬁxed charges;
Fig. 3A), and on the ‘resting potential’ (Fig. 3B). The dependence of
the electric ﬁeld (z-component) at the upper surface of the mem-
brane on the density of the ﬁxed charges (Fig. 3C), and on the ‘resting
potential’ (Fig. 3D) is also approximately linear. In addition to the
electric ﬁeld at the upper membrane surface (ﬁlled symbols) we
also show the electric ﬁeld in the middle of the membrane (empty
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Fig. 2. Presence of the ﬁxed charges on the membrane surface leads to great accumulations of charges in the solution (A–B), and such accumulations signiﬁcantly alter the potential
proﬁles (C–D) and electrical ﬁeld proﬁles (its z-component; E–F) across the membrane and in the solution. Note a very rapid spatial decay of the space charge density, the potential
and the electric ﬁeld in the solution above the membrane surface with the ﬁxed charges. As expected the potential and electrical ﬁeld proﬁles are also affected by the ‘resting po-
tential’ (potential difference between the controlling edges of two compartments on both sides of the membrane). All plots are the cross-sectional plots at x=0 and with z varying
from −8 nm to +8 nm.
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‘resting potential’, the values of the electric ﬁeld in the middle of
the membrane are very different from those at the upper membrane
surface, although that is visually not easily discernible from their spa-
tial distributions (Fig. 2E–F). In these simulations the permittivity of
the membrane is taken to be 2 for the whole membrane (i.e. for
both the head and tail sections). However, a higher value may also
be considered for the head sections, given the highly polar nature of
the headgroup region. As Fig. 3A shows the potential at the upper
membrane surface differs very little if the permittivity of the head
sections is 8 instead of 2. The magnitude of the z-component of the
electric ﬁeld differs more if the permittivity of the head sections is
8 instead of 2, but the difference remains marginal (Fig. 3C).
3.3. Spatial proﬁles of the displacement and polarization charge density
and the electric ﬁeld
Fig. 4 gives the cross-sectional plot of the displacement charge den-
sity (A), the polarization charge density (B), the displacement chargedensity in vacuum (C), the electric ﬁeld (D), and the polarization
space charge density (E). As expected the displacement charge density
is much greater than it would have been in vacuum, and the reason is
the polarization charge density. Note also that the polarization charge
is almost entirely conﬁned to the uppermembrane surface. Fig. 4F com-
pares how the ﬁxed charge on the upper membrane compares with the
polarization charges at the upper and lower membrane surfaces. The
polarization charge on the lower solution–membrane interface is very
small. The polarization charge on the upper solution–membrane inter-
face, though smaller than the ﬁxed charge, is not negligible. As expected
the sign of the polarization charge on the upper surface is opposite of
that of the ﬁxed charge on the same surface. Finally, the absolute values
of both the polarization charge and the ﬁxed charge increase linearly as
the density of ﬁxed charges rises.
3.4. Coulomb and dielectric forces
Two forces are involved in bending the membrane — Coulomb
force and dielectric force (see Methods section). Fig. 5C–E depicts
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membrane surface changes as the charge density on the upper mem-
brane surface increases. The dielectric force on the lower membrane
surface (without the ﬁxed charges), which is positive (i.e. it points
upwards) is very small. The dielectric force on the upper membrane
surface (with ﬁxed charges), which is negative (i.e. it points down-
wards) becomes progressively greater as the density of ﬁxed charges
rises, and the relationship is supra-linear. The dielectric forces on ei-
ther the upper or the lower membrane surface act always from the
solution (higher permittivity) toward the membrane (lower permit-
tivity), but given the difference in the electric ﬁeld at two surfaces
the dielectric force at the upper surface, which is much greater, pre-
vails. The Coulomb force is positive (i.e. it points upwards), and also
increases supra-linearly as the density of ﬁxed charges increases. Nei-
ther the Coulomb force nor the dielectric force acting on the upper
membrane surface is altered by the change of sign of ﬁxed charges.The dielectric force opposes the Coulomb force, and curtails its action,
but the total force on the membrane is dominated by the Coulomb
force and acts from the membrane toward the surface with the
ﬁxed charges (i.e. upwards; Fig. 5F–H). Finally, note that the ‘resting
potential’ inﬂuences both the dielectric force (Fig. 5D–E), and to a
lesser extent the Coulomb force (Fig. 5G–H). Finally, two cartoons of
the membranes deformed owing to the presence of low (−16 mC/
m2; Fig. 5A) and high (−128 mC/m2; Fig. 5B) charge densities are
also shown. The Coulomb force (acting upwards) and dielectric forces
(acting downwards) are depicted by scaled arrows.
3.5. Membrane deformation
The membrane deformation is determined by the force applied.
Given that the combined Coulomb and dielectric force rises as the
ﬁxed charge density of the membrane surface increases, the
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Fig. 6A–B gives the membrane displacement (i.e. the displacement of
one point in the middle of the membrane) in z direction, when the
density of ﬁxed charges is low (4 mC/m2; A) and high (128 mC/m2;
B). Fig. 6C shows the relationship between the density of ﬁxed
charges and membrane displacement. The displacement increases
steeply and supra-linearly as density of ﬁxed charges rises, but the
sign of the charges affects the displacement very little. The ‘resting
potential’ alters this relationship, but only marginally. If the dis-
placement of the membrane is represented as an arc of the circle it
is possible to calculate the radius of the circle (‘spontaneous’ radius
Rs) from the length of the membrane lm (20 nm) and thedisplacement di using the following formula Rs=(4×di2+lm2 )/
(8×di). Note that this is the ‘spontaneous’ radius of the tube (not
sphere) since these simulations are two- and not three-
dimensional. Fig. 6D gives the relationship between the ﬁxed charge
density and the ‘spontaneous’ radius R. Note that the relationship is
shown on the semi-log scale. The ‘spontaneous’ radius at high densi-
ty of ﬁxed charges (>100 mC/m2) is b50 nm. The spontaneous radi-
us vs. charge density relationship remains qualitatively the same if
longer membrane segments are simulated, but the spontaneous
radii are smaller, and more so the longer the membrane segment is.
Fig. 6E gives the relationship between the ﬁxed charge density and
spontaneous curvature (deﬁned as 1/R). The spontaneous curvature
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rises when simulated membrane segments are longer (E). Finally,
the total peak displacement, the spontaneous radius and the sponta-
neous curvature remain almost identical, if the permittivity of the
head sections is higher (8 instead of 2; not shown as they appear
completely overlapping). This is not surprising given that the magni-
tude of the electric ﬁeld (z-component) at the upper membrane sur-
face is only marginally different when permittivity of the head
sections is 8 instead of 2 (Fig. 3C).3.6. True versus overall anisotropy
We also established the relationship between the ﬁxed charge
density and spontaneous radius, but assuming that the membrane is
truly anisotropic instead of being anisotropic overall (i.e. with differ-
ent, but individually isotropic elastic properties of the head and tail
sections). There was no difference between two estimates of the
charge density vs. spontaneous radius relationship, one simulated as
a truly anisotropic case and another anisotropic overall.
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The dielectric force (Maxwell stress force) acting on the elastic di-
electrics that are planar before deformation is often approximated by
the electrostatic pressure [38,35]. This amounts to representing the
Maxwell stress tensor by a scalar (i.e. it amounts to representing S ¼
ere0 EE− 12 E:Eð ÞI
 
with S=(1/2)∙ere0Ez2), and whenever possible it ishighly desirable, because it greatly simpliﬁes simulations. This ap-
proach is justiﬁed whenever the tangential component of the electric
ﬁeld at the surface of the planar dielectric can be considered very
small compared to the component of the electric ﬁeld that is perpen-
dicular to the planar dielectric. Since our simulations are of this kind,
we compared the relationship between the ﬁxed charge density and
the spontaneous curvature, one obtained using a Maxwell stress and
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two surfaces of the membrane (upper and lower). We ﬁnd no differ-
ence between two estimates of the charge density vs. spontaneous ra-
dius relationship. The dielectric force can thus simply be calculated
using the electrostatic pressure approach.
3.8. Dynamics of membrane deformation and elastic energy vs. displacement
relationship
All simulations so far are steady-state simulations. Fig. 7A now gives
how the electric force (i.e. the sumof the Coulomb and dielectric forces)
and elastic force acting on the upper membrane surface change in time.0 1 2 3 4 5
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follows the same time course (Fig. 7B). In contrast, the relationship be-
tween the elastic energy of themembrane and themembrane displace-
ment is quadratic (Fig. 7C). Given the square relationship between the
displacement and elastic energy it is not surprising that the elastic ener-
gy (of head and tail sections, but also total) does not change mono-
exponentially with time, but is more sigmoidal (Fig. 7D).0 1 2 3 4 5
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4.1. Electrostatics and electrokinetics of the charged lipid bilayer in liquid
electrolyte
The electrostatic/electrokinetic factors that contribute to bending
of the membrane were evaluated using a coupled system of linear
elastic equations [39,40] and electrostatic-electrokinetic (Poisson–
Nernst–Planck) equations [41,42]. The membrane was assumed to
be an elastic dielectric placed in a liquid electrolyte. The concentra-
tions and composition of intra-cellular and extra-cellular solutions
were as observed physiologically. The electrostatic variables (space
charge density, potential, electric ﬁeld, Maxwell stress tensor and
Coulomb and dielectric forces), electrokinetic variables (ion concen-
trations) and elastic variables (membrane deformation, stress, trac-
tion, and elastic energy) were computed. The membrane bilayer
was considered as an anisotropic elastic material overall, but the
head and tail sections of the individual monolayers were isotropic,
though possessing different elastic properties. Given that the head
and tail sections of the membrane bilayer are anisotropic [4] we test-
ed how a simplifying assumption that the sections are individually
isotropic affects the results, but the effects were negligible. This is
not surprising given very low level of anisotropy of either head or
tail sections taken individually.
The electrostatics (the electric ﬁeld and the potential) at any point
in the simulation space are inﬂuenced by the density of ﬁxed charges
on the upper membrane surface. The presence of ﬁxed charges leads
to the accumulation of counter-ions and depletion of co-ions. The
spatial decay of counter-ions and rise of co-ions is very rapid (and oc-
curs in b2 nm), and is associated with a similarly rapid decay of the
potential and the electric ﬁeld. The potential and the electric ﬁeld
(its vertical or z component) on the intracellular membrane surface
both depend on the ‘resting potential (i.e. the potential difference be-
tween the intracellular and extracellular compartments, and on the
ﬁxed charge density, and in all cases the relationship is linear or near-
ly linear. Note however that this analysis describes the electrostatics
and the electro-kinetics of the problem, but does not account for hy-
drodynamic effects, although the membrane is in solution on both
sides. This will be part of a separate study.
4.2. Fixed and polarization charges
Dielectrics (and both membrane and water are dielectrics) are
materials composed of electrically neutral small dipoles possessing
internal charge separation [31,41]. If an external electric ﬁeld is ap-
plied across a combination of dielectrics, such as a membrane in
water, they become polarized, because single dipoles (permanent
but also those induced by the electric ﬁeld) in the dielectric medium
tend to align themselves in the direction of the electric ﬁeld. The pos-
itive end of individual dipoles will point toward lower potential, and
the negative end toward the higher potential. As a result of such a re-
arrangement of dipoles net unpaired surface charges will accumulate
at the membrane–water interface given that their dielectric proper-
ties are different [31]. These surface charges, which are generally
not ﬁxed, generate another electric ﬁeld that adds to and distorts
the original electric ﬁeld. The amount of net unpaired charges at the
membrane–water interface depends on the magnitude of the electric
ﬁeld, but also on the difference of dielectric properties of the mem-
brane and the water, i.e. on the permittivity mismatch. The permittiv-
ity, which is a measure of the ability of dipoles within dielectric to re-
orient in an electric ﬁeld, is very different for membrane and water,
and is in this study taken to be 2 and 80 respectively. Finally, if the
material is an electrolyte, the electric ﬁeld will also give rise to charge
movement (i.e. ion movement), which we evaluated using Nernst–
Planck equations. We estimated the polarization charge on both the
upper and the lower surfaces of the membrane. Given that this chargeexists only in presence of an uneven electric ﬁeld, the polarization
charge should rise if the ﬁxed charge density on the upper membrane
surface increases, since that is the main mechanism generating the
electric ﬁeld, and it does. The polarization charge on the lower mem-
brane surface is essentially zero, since the electric ﬁeld at the lower
surface is generally very low, but at the upper surface it is not negli-
gible compared to the ﬁxed charge.
4.3. Coulomb and dielectric forces
The study of electromechanical coupling (i.e. of mechanical forces
generated by the electric ﬁeld) in dielectrics that are also elastic ma-
terials is now a rapidly growing ﬁeld [35]. This study expands on such
studies, but it is important to note that the elastic dielectric (mem-
brane bilayer) was not placed in air, but in a liquid electrolyte. This
signiﬁcantly changes the balance of the ‘external’ forces that act to
bend the charged membrane. The interaction of ﬁxed charges on
the interior surface of the membrane with the electric ﬁeld results
in Coulomb force, which is a ‘surface force’, because the ﬁxed charges
are present only on the surface (internal) of the membrane. In pre-
sent simulations it is the most prominent force acting on the mem-
brane. It is markedly curtailed by the accumulations of counter-ions
(and depletions of co-ions) in the Debye layer near the membrane.
In the absence of the resting potential (i.e. the potential difference be-
tween the intracellular and extracellular compartments), this force
always acts to bend the membrane toward the surface where the
ﬁxed charges are located, regardless of the sign of the charges. The
Coulomb force vs. ﬁxed charge density relationship is quadratic and
sign independent, because the Coulomb force is a product of the
ﬁxed charge and the electric ﬁeld (which is linearly related to the
density of ﬁxed charges). The resting potential also affects the electric
ﬁeld and thus the Coulomb force at the membrane surface, but only
moderately, but if its contribution is strong enough and in opposite
direction to that of the ﬁxed charges, the membrane will bend away
from the surface with the ﬁxed charges. In great majority of cases
however the Coulomb force, being much greater bends the mem-
brane toward the surface with ﬁxed charges.
Since an important contribution of this work is the inclusion of the
dielectric force in the analysis of bending of the charged bilayer in the
liquid electrolyte, it is necessary to provide a brief comment of what
dielectric forces are and how they are evaluated. The polarization of
molecular dipoles induced by the electric ﬁeld creates the forces in
the dielectric by acting on these dipoles [31], and produces a stress
ﬁeld known as the Maxwell stress [32,33]. The dielectric force acting
on a membrane can be calculated, if the permittivities of the mem-
brane and solution, as well as Maxwell stress tensor are known. One
needs only to calculate the Maxwell stress tensor at the interface be-
tween the membrane and the solution, and not at any point in the
membrane or in the solution. The dielectric force can thus simply be
evaluated as a surface force by integration of the Maxwell stress
over the surface of the membrane [33,34]. Counter-intuitively the di-
electric force is completely independent of what the Maxwell stress
tensor is within the membrane, or in the solution. However, unlike
the Coulomb force that acts only on the upper membrane surface,
i.e. where the ﬁxed charges are located, the dielectric force acts on
both upper and lower surface. Nevertheless, its values on the upper
surface are much greater than at the lower surface, because the elec-
tric ﬁeld at the higher surface is much greater.
Since the Maxwell stress is proportional to the dielectric constant
(see Methods section), and given the differences in the permittivity
(the permittivity of the membrane is 2 and that of the solution is
80), the dielectric force always acts from the solution toward the
membrane. This is in contrast to the elastic dielectrics placed in the
air [35,34]. Consequently the dielectric force at the upper surface al-
ways acts downwards, i.e. to curtail the Coulomb force, which as al-
ready mentioned almost always acts upwards. Given that the
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dratic (the Maxwell stress depends upon the electric ﬁeld to the sec-
ond order; see Methods section) the dielectric force vs. ﬁxed charge
density relationship is also quadratic, because the electric ﬁeld is lin-
early related to the ﬁxed charge density. As this study shows the di-
electric force is not negligible, compared to the Coulomb force.
Nevertheless, note that our ﬁnite element evaluations of the electro-
statics are conﬁned to the ﬁrst-order dielectrics, and do not include
higher order dielectric forces or generally of dielectric contributions
[43]. We consider it unlikely that the higher order dielectric forces
will contribute signiﬁcantly to the electrostatics of the problem or
to the dielectric force.
4.4. Spontaneous curvature
It is generally accepted that the curvature of biological membranes
is inﬂuenced by the proteins able to bend membranes by scaffolding
curvature and/or by hydrophobic insertion of “wedges”
[19,6,7,20,13,5]. Such areas of high curvature are also generally be-
lieved to be important for the action of many biological processes. Re-
cent studies have shown that some proteins such as Bin/
Amphiphysin/Rvs domains [9], and amphipathic α-helices [12,11]
upconcentrate on areas of high membrane curvature. In this study
we show how a bilayer in a liquid electrolyte undergoes mechanical
deformation in the presence of an electric ﬁeld generated either by
the ‘resting potential’ and/or by the presence of ﬁxed charges on its
surface. We quantiﬁed the membrane deformation of such an
electro-active bilayer by simply determining how much the mid-
point at the upper surface of the membrane becomes displaced verti-
cally (in z-direction). This displacement increases in a supra-linear
manner as ﬁxed charge density rises, not surprisingly given that the
forces driving the deformation – the Coulomb force and the dielectric
force – are quadratic (i.e. supra-linear). The shape of the deformed
membrane, though not perfectly circular can be well ﬁtted by a circle,
and can thus be characterized by a single number — a spontaneous
curvature or a spontaneous radius. Both depend strongly and non-
linearly on the density of ﬁxed charges. At high density of ﬁxed
charges the spontaneous radius is approximately 50 nm. The ﬁxed
charges can thus make an important contribution to the curvature
of membranes, and if the charge density is high this contribution
may be important even at the curvature levels observed at organelles
(granules, endoplasmic reticulum, etc.).
As shown in Results section neither the magnitude of the z-
component of the electric ﬁeld on the upper membrane surface nor
membrane displacement (or membrane curvature) become much
greater if the permittivity of the head sections of the membrane is
four times higher (8 instead of 2). This may appear puzzling. Accord-
ing to Coulomb's law for interacting point charges in an inﬁnite space
the electric ﬁeld at any point in space due to a single, discrete charge
located at another point in space will decrease to 1/4 of its original
value if permittivity of the medium increases by 4 times. The mem-
brane however is ﬁnite and is immersed in liquid electrolyte, whose
permittivity is much higher than that of membrane, and it effectively
clamps the potential and the electric ﬁeld, not only in the solution,
but also in the membrane. The screening charges in the electrolyte
provide an additional clamp. The electric ﬁeld on the upper mem-
brane surface and membrane displacement become more sensitive
to the permittivity changes of the membrane, if the ion concentra-
tions are reduced and screening charges are diminished and become
more dispersed (not shown).
The spontaneous radius is in fact likely to be smaller (and the cur-
vature greater) than these simulations show, because greater mem-
brane tension will favor recruitment of membrane to the surface
(‘membrane tension hypothesis’; [44]). According to this hypothesis
high tensions favor recruitment of membrane to the surface, whereas
low tensions favor retrieval. Biological membranes expand elasticallyby up to 3% before rupture [45]. Beyond this limit, membrane area has
to increase to avoid lysis. Indeed, as membrane capacitance measure-
ments show during swelling, membrane is added from internal
stores, whereas during shrinking, excess membrane is reinternalized
[46] and membrane invaginates as vacuole-like dilations [47,48].
Finally, it is interesting to speculate about the potential advan-
tages of having not just one, but several mechanisms involved in reg-
ulating membrane curvature. Various mechanisms may differ in
speed. Some may have slower onset, but be of more permanent dura-
tion, whereas others may be faster, but also more transient. Insertion
of proteins in the membrane is a slower, though more permanent
process than changing for example ﬁxed charges on the membrane
surface by varying pH. Having not just one, but several tools in the
toolkit enables one to respond better to changing needs and situa-
tions and provides also for more efﬁcient cooperation. It is difﬁcult
to demonstrate when different membrane re-shaping mechanisms
became prominent evolutionarily, but the electrostatic-bending was
probably one of the ﬁrst to have been used, as it can be implemented
using a simple and rapid physical mechanism, such as pH-induced
change of the ﬁxed charge density on the membrane surface.
4.5. Dynamics of membrane deformation and elastic energy vs. displace-
ment relationship
This study provides an assessment of how much the membrane
bends given the presence of ﬁxed charges on the membrane surface
(and thus given the electrostatic and electrokinetic forces they in-
duce), and the elastic properties of the membrane. It also shows
that the bending occurs quickly, with a time constant of ~1 ms. This
is interesting, because many signaling andmembrane processes inﬂu-
enced by membrane bending [9–13,5] occur on such a time scale.
Membrane bending can thus be seen as a memory element on a com-
paratively short time scale. The speed of bending is determined by the
membrane elastic properties, because the electric force (the sum of
Coulomb and dielectric forces) remains constant during bending.
Note however that this study does not take into account the ﬂuidic
contribution to membrane bending or to its dynamics. This will be
part of a separate study.
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Appendix A
The bilayer model used in this study assumes that the two layers
are not allowed to slide against each other; they are “glued” together
[4].
Structural analysis
The structural analysis is implemented using the equilibrium
equations, that balance the forces acting on the membranes, and the
shape and displacement are determined using a method, which min-
imizes the energy functional of such a structure [39,40].
Equilibrium equations
The equilibrium equations expressed in terms of stresses and in
3D Cartesian coordinate system are:
−∂σx∂x −
∂τxy
∂y −
∂τxz
∂z ¼ Fx ð1aÞ
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∂τxy
∂x −
∂σy
∂y −
∂τyz
∂z ¼ Fy ð1bÞ
−∂τxz∂x −
∂τyz
∂y −
∂σz
∂z ¼ Fz ð1cÞ
where F stands for the body forces. σx, σy, and σz are the three normal
stresses and τxy, τyz and τxz, are the shear stresses, that together make
up the symmetric stress tensor (σ) for small deformations:
σ ¼
σx τxy τxz
τyx σy τyz
τzx τzy σz
2
4
3
5: Note also that : τxy ¼ τyx τxz ¼ τzx τyz ¼ τzy:ð2Þ
Eq. (3) expresses Eqs. (1a), (1b) and (1c) in the matrix notation:
−∇:σ ¼ F ð3Þ
Since the structural deformation of the lipid membrane is ana-
lyzed in terms of displacements, we need to establish the stress–
strain and strain–displacement relationships and substitute them in
Eq. (3).
Strain–displacement relationship
The strain can consist of initial (ε0), thermal (εth) and elastic (εel)
strain, but we neglect the ﬁrst two terms and only consider the elastic
strain εel. If u, v, and w are three elements of the displacement at a
given point in the 3D coordinate system, assuming that the displace-
ments are small, the relationship between the strains and displace-
ments and their derivatives are as follows:
εx ¼
∂u
∂x εxy ¼
γxy
2
¼ 1
2
∂u
∂y þ
∂v
∂x
 
ð4aÞ
εy ¼
∂v
∂y εyz ¼
γyz
2
¼ 1
2
∂v
∂z þ
∂w
∂y
 
ð4bÞ
εz ¼
∂w
∂z εxz ¼
γxz
2
¼ 1
2
∂u
∂z þ
∂w
∂x
 
ð4cÞ
where εx, εy, and εz are the normal strain elements, whereas εxy, εyz,
and εxz are the shear strain components. The symmetric strain tensor
is then:
ε ¼
εx εxy εxz
εxy εy εyz
εxz εyz εz
2
4
3
5: ð5Þ
Large displacements
If the system undergoes large deformations Eqs. (4a), (4b), and
(4c) are no longer valid, and the strain–displacement relationship be-
comes:
εij ¼
1
2
∂ui
∂xj
þ ∂uj∂xi
þ ∂uk∂xi
:
∂uk
∂xj
 !
ð6Þ
where i, j, k=1, 2, 3 in the 3D coordinate system.
Energy minimization
In order to simulate the membrane deformation we implemented
the energy minimization by using the principle of virtual work, which
states that the sum of virtual work due to internal strains equals the
work due to external forces. In such a case the following equationholds:
δW ¼ 0 ð7Þ
where W is the total stored energy from external and internal forces
and strains as deﬁned below:
W ¼ ∫V
1
2
−εxσx−εyσy−εzσ z−2εxyτxy−2εyzτyz−2εxzτxz
 	
þ utFV
 
dv
þ∫SutFSdsþ ∫LutFLdlþ∑PUtFP
ð8Þ
V, S, L, and P stand for the body, surface, edge, and point in the mate-
rial, respectively, whereas U and u are displacements of a given point
in material.
Isotropic stress–strain relationship
We ﬁrst consider the lipid membrane as a linear elastic material
with a stress–strain relationship, or the constitutive equation, as:
σ ¼ Dεel þ σ0 ¼ Dε: ð9Þ
We assume that the initial stress σ0 is zero. If the stress and strain
are shown as column vectors:
σ ¼
σ x
σy
σ z
τxy
τyz
τxz
2
6666664
3
7777775
ε ¼
εx
εy
εz
γxy
γyz
γxz
2
6666664
3
7777775
ð10Þ
the elasticity matrix D is:
D ¼ E
1þ vð Þ 1−2vð Þ
1−v v v 0 0 0
v 1−v v 0 0 0
v v 1−v 0 0 0
0 0 0
1−2v
2
0 0
0 0 0 0
1−2v
2
0
0 0 0 0 0
1−2v
2
2
66666666664
3
77777777775
ð11Þ
where E is Young's modulus and ν is Poisson's ratio. When an object is
stretched the Poisson's ratio gives the ratio of the contraction (per-
pendicular to the applied load), to the extension in the direction of
the applied load.
Anisotropic stress–strain relationship and equilibrium equation
If the material is anisotropic (we assume that the lateral ﬂuidity of
the membrane τxy=0), the equilibrium equations have to be provid-
ed explicitly. They are given as follows:
σx ¼ σy ¼ λxxxx εx þ εy
 	
þ λxxzzεz ð12aÞ
σ z ¼ λxxzz εx þ εy
 	
þ λzzzzεz ð12bÞ
τxz ¼ λxzxzγxz ð12cÞ
τyz ¼ λxzxzγyz: ð12dÞ
Substituting Eqs. (4a), (4b), and (4c) into Eqs. (12a), (12b), (12c),
and (12d) and subsequently into Eq. (1), the anisotropic equilibrium
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λxxxx
∂2u
∂x2
þ ∂
2v
∂x∂y
 !
þ λxzxz
∂2u
∂z2
þ λxxzz þ λxzxzð Þ
∂2w
∂x∂z ¼−Fx ð13aÞ
λxxxx
∂2v
∂y2
þ ∂
2u
∂x∂y
 !
þ λxzxz
∂2v
∂z2
þ λxxzz þ λxzxzð Þ
∂2w
∂y∂z ¼−Fy ð13bÞ
λxzxz
∂2w
∂x2
þ ∂
2w
∂y2
 !
þ λzzzz
∂2w
∂z2
þ λxxzz þ λxzxzð Þ
∂2u
∂x∂zþ
∂2v
∂y∂z
 !
¼−Fz:
ð13cÞ
In the case of the 2D model in the x-z plane, Eqs. (13a), (13b), and
(13c) is simpliﬁed into the following set of equations:
λxxxx
∂2u
∂x2
þ λxzxz
∂2u
∂z2
þ λxxzz þ λxzxzð Þ
∂2w
∂x∂z ¼−Fx ð14aÞ
λxzxz
∂2w
∂x2
þ λzzzz
∂2w
∂z2
þ λxxzz þ λxzxzð Þ
∂2u
∂x∂z ¼−Fz ð14bÞ
λxxxx and λzzzz are Young's moduli of volume stretching-compression
in the lateral and normal direction respectively, and λxxzz is the
Young's modulus of coupling between lateral and normal deforma-
tion. Finally, λxzxz is Young's modulus of transverse shear deforma-
tion, which is vanishing in the case of coupled monolayers [4]. All
values are given in Table 2.
The elasticity matrix of the 3D anisotropic model is then:
D ¼
λxxxx λxxxx λxxzz 0 0 0
λxxxx λxxxx λxxzz 0 0 0
λxxzz λxxzz λzzzz 0 0 0
0 0 0 0 0 0
0 0 0 0 λxzxz 0
0 0 0 0 0 λxzxz
2
6666664
3
7777775
ð15Þ
The elasticity matrix of the 2D anisotropic model then becomes:
D ¼
λxxxx λxxxx λxxzz
λxxxx λxxxx λxxzz
λxxzz λxxzz λzzzz
2
4
3
5: ð16Þ
Elastic energy density
According to the standard theory of elasticity [39,40] the elastic
energy density (J/m3) of an anisotropic 3D structure is described as
follows:
f ¼ σ0ijεij þ
1
2
λijlmεijεlm: ð17Þ
We denote the tensor of the elastic moduli of the lipid monolayer
as λijlm, whereas εij represents the strain tensor deﬁned above, and if
the initial stress σ0ij is taken to be zero the above equation becomes:
f ¼ 1
2
σ :ε: ð18Þ
Substituting the elements of the σ and ε matrices into Eq. (17) ﬁ-
nally yields the equation for the elastic energy density:
f ¼ 1
2
εxσx þ εyσy þ εzσ z þ 2εxyτxy þ 2εyzτyz þ 2εxzτxz
 	
: ð19ÞSurface traction
The i-th component of the surface traction (force/area) in the 3D
case is given by the following equation:
Ti ¼ σ ijnj⇒
Tx
Ty
Tz
2
4
3
5 ¼ σ x τxy τxzτxy σy τyz
τxz τyz σ z
2
4
3
5: nxny
nz
2
4
3
5: ð20Þ
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